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Interactive Phenomena in Supersonic Jet Mixing Problems,
Part I: Phenomenology and Numerical Modeling Techniques

Sanford M. Dash* and David E. Wolff
Science Applications Inc., Princeton, New Jersey

The interactive phenomena that occur in supersonic jet mixing flowfields, and numerical modeling techniques
developed to analyze such phenomena are discussed. A spatial marching procedure based on solving the
parabolized Navier-Stokes jet mixing equations is presented. This procedure combines shock-capturing
methodology for the analysis of supersonic mixing regions with pressure-split methodology for the analysis of
subsonic mixing regions. The two regions are coupled at viscous sonic lines utilizing a viscous-characteristic
coupling procedure. Specialized techniques for the treatment of jet boundary growth, strong discontinuities
(Mach disks), and small embedded subsonic zones (behind Mach disks) are presented. Turbulent processes are
represented by two-equation turbulence model formulations. In Part II of this article, numerical studies are
presented for a variety of supersonic jet interactive phenomena.

Introduction

THE analysis of the plume flowfield generated by the
interaction of an imperfectly expanded supersonic jet

with its surrounding environment involves consideration of a
number of distinct flow regions with varying characteristic
features and length scales. The jet near field (Fig. 1) is
characterized by a predominantly inviscid shock cell structure
with thin shear layers developing along the plume and Mach
disk slipstreams. Embedded zones of subsonic flow occur
behind Mach disks, while a significant portion of the plume
mixing layer will be subsonic for jets exhausting into subsonic
external streams. A transitional region (Fig. 2) joins the
predominantly inviscid near field with the fully viscous,
pressure-equilibrated far field. Here, the mixing layers come
to engulf the entire jet and wave processes occur in a strongly
turbulent environment. In this region, wave fronts are curved
by the flow rotationality and wave intensities are diminished
by turbulent dissipative effects. In the jet far field, wave
processes have been totally dissipated and classical parabolic
(constant pressure) mixing prevails.

Practical solutions of interactive supersonic jet flowfields
have been achieved via the use of patched zonal techniques
that employ separate integration components to analyze the
various regions of the plume. Models utilizing this technique
recently have been developed by Dash et al.1"5 for the near-
field analysis of two-dimensional aircraft and rocket plume
flowfields where a weakly interactive overlaid coupling ap-
proach6 often can be justified. However, these models cannot
deal with strongly interactive near-field phenomena such as:

1) Shock/compression waves produced by the positive
displacement effect of rapid chemistry or high Mach number
viscous dissipation in the plume shear layer.

2) Strong expansion waves generated by the "washing
away'' of large mass defect initial regions downstream of
base/separated flow zones.

3) The negative displacement of streamlines downstream of
Mach disks generated by the wake-like entrainment process .
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4) The shock/shear layer interactions occurring at the end
of near-field shock cells for situations where a significant
portion of the near-field jet core has been entrained into the
jet shear layer.

- Some of the preceding interactive phenomena are
schematized in Fig. 3.

The transitional region (Fig. 2), where wave processes are
largely embedded in the turbulent mixing layer, is always a
region of strong viscous/inviscid interactions and cannot be
treated by weakly interactive overlaid methodology. The
damping of wave amplitudes occurring in this region is
schematized in Fig. 2. For many engineering applications
(i.e., rocket plume signature prediction7 or vehicle design,
and for aircraft plume/afterbody interaction problems8), the
decaying wave structure in the transitional region has a
negligible influence on the solution. For the analysis of jet
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Fig. 1 Schematic of jet near field structure for supersonic and
subsonic external flows.
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laboratory data or for applications to problem areas such as
jet shock noise,9 the details of the shock structure in this
transitional region are quite important.

Aside from the inability of "overlaid" zonal models to
treat strongly interactive near-field phenomena adequately,
and to analyze the jet transitional region, the extension of
these models to the analysis of three-dimensional jet
flowfields is not at all straightforward. The interpolations
entailed become cumbersome, the inviscid map storage
requirements become excessive, and the use of displacement-
thickness concepts to define the effective jet geometry10 break
down due to the highly nonuniform cross-flow pressure fields
that can occur in three dimensions. To analyze strongly in-
teractive jet flowfields in both two- and three-dimensional
situations, computational procedures are required that 1)

• DAMPING OF WAVE AMPLITUDES

Fig. 2 Schematic of jet near field, far field, and transitional regions;
damping of wave amplitudes by turbulence in transitional region.

• SOURCE-LIKE DISPLACEMENT-PRODUCED BY TURBULENT DISSIPATION
AND /OR COMBUSTIQN

• SINK-LIKE DISPLACEMENT-PRODUCED BY MIXING DOWNSTREAM OF
REGIONS WITH MASS DEFECT
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Fig. 3 Fundamental interactive phenomena occurring in supersonic
mixing flowfields.

intimately couple viscous and inviscid flow processes in the jet
mixing regions, and 2) utilize strongly interactive coupling
techniques to couple the viscous/inviscid jet and external flow
solutions. This article will describe extensions of the present
zonal models to achieve these requirements.

The overall objectives of this work are multifaceted and
include the following specific goals:

1) The development of computational procedures for the
analysis of strongly interactive jet mixing phenomena in two-
dimensions.

2) The development of a computer code that utilizes these
procedures to calculate the coupled multiple-cell shock
structure and turbulent mixing in "simple," imperfectly
expanded two-dimensional jets for aircraft shock-noise
applications.

3) The extension of this code to analyze "complex"
(chemically reacting, multiphase, multicomponent,
gas/particle mixtures) two-dimensional jets for rocket plume
applications.

4) The formulation of new coupling procedures for
jet/subsonic-transonic flowfield interactions via extensions of
present interactive boundary-layer concepts.

5) The extension of the two-dimensional computational
procedures to three-dimensional jet flowfields.

6) The development of a computer code to predict a variety
of three-dimensional interactive jet flowfield problems.

This article will focus upon the first of these goals.
Procedures for analyzing two-dimensional interactive jet
phenomena are discussed based on fully coupled solutions of
the parabolized Navier-Stokes (PNS) jet mixing equations.
The hyperbolic, inviscid shock-capturing component,
SCIPPY,11 of the overlaid zonal models has been extended to
integrate the PNS equations in supersonic jet mixing regions.
Spatial marching in subsonic regions is accomplished via a
pressure-splitting approximation12 and the two solutions are
coupled at the viscqus jet and Mach disk mixing layer sonic
lines utilizing a viscous-characteristic coupling technique.13

Previous PNS jet solutions have either been restricted to fully
supersonic flows14'15 or have utilized "wave-solving" ex-
tensions16'17 of pressure-split, partially parabolic algorithms12

which cannot treat the strong, entropy-producing shock waves
encountered in significantly underexpanded jets. A review of
the PNS jet solutions is given in Ref. 18. The present ap-
proach combines supersonic strong shock-capturing
methodology anc( subsonic pressure-split methodology in the
framework of a single numerical model and thus represents a
substantial improvement over existing models. In Part II of
this article,43 applications of this new model to a variety of
supersonic jet mjxing interactive phenomena will be exhibited.

The second of the above itemized goals has been met by the
development of the SCIPVIS computer code19 which has been
catered specifically for useage in jet shock-noise ap-
plications.20 The ability of this code to predict the decaying
wave structure accurately in both over- and underexpanded
simple laboratory jets has been demonstrated via comparisons
of predictions with data for Mach 1, 1.5, and 2 jets exhausting
into still air at various pressure ratios.20 The sensitivity of
these calculations to the turbulence model formulation
utilized, and, in particular, to the models' representation of
high Mach number compressibility effects, is presented in
Ref. 19. The extension of SCIPVIS methodology to "com-
plex" jet flowfields as occur in rocket plumes is described in
Refs. 21 and 22. Coupling procedures for jet/subsonic-
transonic flow interactions based on the direct coupling
methodology of Mahgoub and Bradshaw23 and on the
velocity-split coupling approach of Khosla and Rubin24 have
been formulated as described in Refs. 5 and 25. A preliminary
three-dimensional version of SCIPVIS is now operational for
supersonic mixing problems and will be described in a forth-
coming publication.44
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Governing Equations
Mean Flow Equations

The commonly employed PNS equations governing the
planar (/=0) or axisymmetric (/= 1) turbulent mixing of a
high Reynolds number moderately under- (or over-) expanded
jet are given below.

dE
0)
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P+pU2

pUV
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and the source terms Gf are zero for the continuity,
momentum, and species diffusion (</>) equations. The source
term GH for the energy equation is given by

In the above equations, U and V are the axial and radial
velocity components, P the pressure, p the density, //the total
enthalpy, 0 a species parameter, /*, the turbulent viscosity,
and Of the "effective" Prandtl number for each variable
defined below

071=[lJty4>PrttPrt}T (3)

under the assumption that the turbulent transport of heat and
mass are the same (i.e., OH = 0$ = Prt).

The mixing problems to be discussed here assume that the
jet and external streams are each of uniform composition and
the chemistry is frozen. Thus, the local composition, a/, can
be defined by the single species parameter 0 via the relation:

(4)

where a/ is the mass fraction of the fth species and / and E
designate the constant values of a/ in the unmixed jet and
external streams. Thus 0 varies from 1 to 0 in traversing the
jet shear layer until the mixing reaches the axis. The local
molecular weight in the jet mixing layer is a simple function of
0 and the molecular weights of the unmixed streams, while the
static enthalpy h, specific heat Cp, and specific heat ratio 7,
are functions of 0 and temperature (see Ref. 26 for the ex-
pressions utilized).

Turbulence Models
A number of two-equation turbulence models have been

utilized in this study which include: 1) the kel and ke2 models
of Launder et al.27; 2) compressibility corrected versions of
these models28; and 3) a compressibility corrected version29 of
theSpaldingArH'model.30

The performance of these models for aircraft and rocket
plume applications recently has been assessed by Pergament31

utilizing a large body of available jet data. A new assessment
study is now in progress utilizing the supersonic jet data
recently obtained at Calspan.32 These assessment studies
clearly have exhibited the inability of standard "in-
compressible" turbulence models27'30 to predict appropriate
mixing rates for supersonic free mixing problems. Present-
generation compressibility corrected models28'29 have been
formulated utilizing heuristic considerations and their overall
reliability for "complex" mixing problems remains
questionable. An assessment of the performance of these
models for supersonic underexpanded jets utilizing the
detailed static pressure measurements of Seiner and Norum9

is presented in Refs. 19 and 20. A marked sensitivity of the jet
shock structure to the turbulence model employed has been
exhibited. Fortuitously, the compressibility corrected models
that performed best for simple, perfectly expanded supersonic
jft mixing problems31 have performed comparably in a
complex pressure environment.

A detailed description of these turbulence models, as in-
corporated into this PNS jet model, is available in Ref. 19.
For the purpose of this article, the following brief descriptions
of these models are provided for clarity. The ke turbulence
models relate the turbulent viscosity /*, to the turbulent kinetic
energy k and dissipation rate e via the relation:

(5)

where K(Mr) is the compressibility correction coefficient28

(MT is the local Mach number of the turbulence fluctuations
as given by k'/2/a) and CM(/,g) is the turbulent viscosity
coefficient27 (f and g are axisymmetric and weak-shear
parameters). The partial differential equations for k and e
take the form of Eq. (1) with the source terms given by

(6a)

-Ge = (CjP-C2pe)- (6b)

where

The k W turbulence model relates the turbulent viscosity to the
turbulent kinetic energy and vorticity fluctuation parameter
W via the relation

(7)

The partial differential equations for k and W take the form
of Eq. (1) with source terms given by

— Gw —

-Gk=P-pCDkW1/2

C1WP-C2pkW3/2

(8a)

(8b)

The specific coefficients and effective Prandtl numbers
utilized in implementing these turbulence models are provided
in Ref. 19.

Mapped Conservation Equations
The system of mean flow and turbulence model equations is

solved in a mapped rectangular domain utilizing the trans-
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formation:

*=*

ri=(r-rL(x))/(ru(x)-rL(x)) (9)

where rL and rv are the lower and upper boundaries of the
domain being solved. With this transformation, the equations
can be expressed in the following vector form:

d£ drj r1 dy V oy drj /
(10)

where/and E are equivalent to the arrays of Eq. (1) extended
by the turbulence model variables

F=bF-aE

and

[with E and F defined in Eq. (1) and the nonzero source terms
GH9 Gk, Ge, and Gw defined in Eqs. (2), (6), and (8)]. In the
above equations, the mapping transformation parameters a
and b are defined by

(11)b(t)=l/(ru-rL)

Viscous-Characteristic Equations
Characteristic relations are utilized at supersonic boundary

points and in the vicinity of the viscous sonic lines that occur
in the jet and Mach disk mixing layers (Fig. 1) to aid in the
coupling of the subsonic and supersonic regions of the jet. In
turbulent mixing regions, the diffusion terms are included in
the characteristic relations as local source terms following the
procedure of Ref. 13. Along the A* characteristic directions
defined by

= -— = tan(0±/i)
dx

(12)

the following viscous-characteristic pressure/flow deflection
angle (6) compatibility relation applies:

— f ~ ̂ sm^ _ FV 1 sin/*
yPM2 dx (13)

In the above relations, /* is the Mach angle (sin/>t
Fv is the viscous source term defined by

and

(14)

where
cos0 dU

_cps0 d /r7^ a//\ a (^^(OH-I)

and Q is the total flow velocity [Q=(U2 + V2)'/2].

Computational Procedures
Grid Distribution and Jet Boundary Growth

Grid points are distributed evenly between the lower and
upper boundaries of the domain being calculated. For
significantly underexpanded jets, the multiple mapped
domain approach utilized in the inviscid SCIPPY model11 is
employed to resolve the strong gradients in the nozzle lip
region. For moderately underexpanded jets, a single mapped
domain extending from the jet axis to the outer edge of the jet
mixing layer suffices, as exhibited in Fig. 4. The position of
the jet mixing layer edge is determined via the stepwise in-
tegration of the differential equation

(15)

which combines inviscid slipstream and viscous entrainment-
type relations in an additive fashion (i.e., in the inviscid limit,
the jet outer edge would be the plume slipstream surface
defined by dru/dx=tan0; for constant pressure mixing, the jet
growth would be related to the gradients df/dr, at the outer
edge). For supersonic external flows, the angle 0 is taken^at
the jet outer edge; for quiescent or subsonic external flow, § is
evaluated at the jet sonic line (Fig. 1) since the negative,
entrainment-induced flow angles can become quite large as
the external velocity approaches zero and thus do not
represent the effective viscous dividing streamline angle. The
variables/monitored at the jet outer edge to control viscous
jet growth are the velocity U and species parameter 0 (the
maximum of these two gradients is utilized).

To obtain detailed grid resolution in the thin near-field
shear layer, a grid embedding option can be utilized (Fig. 4).
The "coarse" grid points /= l,2,...,/max are distributed
equally across the plume [Ary = l/(/max -1)]. The fine grid

Fig. 4 Mapped grid distribution with
embedded fine grid in thin shear layer region.
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region is initiated at the coarse grid point 7 sitting one grid
interval below the shear layer, as ascertained by monitoring
the species parameter profile. The coarse grid intervals, A??,
are subdivided into fine grid intervals, Afj, such that
Arj/A77 = 2", where n varies in accordance with the relative
width of the plume shear layer to the overall plume width. The
coarse grid solution is advanced a step, A£, for grid points
1=1 to 7, while the fine grid^ region above 7 is integrated to
£ + A£ using smaller steps, Af, with the "inviscid" boundary
conditions along 7 fixed by the coarse grid solution. The
details of this grid-embedding procedure are provided in Ref.
26.

Numerical Algorithm
A generalized two-step algorithm is utilized throughout the

jet to advance the solution from £ to £ + A£ for equally spaced
grid intervals, AT?. The predictor/corrector sequence utilized is
listed below.

Predictor step:

where

a=[H,<t>,k,e]T

and F* represents the scalar elements of the F vector array.
With this splitting, the following convective difference ex-
pressions are utilized in the predictor and corrector steps.

Predictor step:

dF* 1
—— = — [aI((l-or] Arj

(l-2e*)<xI-e*aI,j}] (18a)

aF*
——
orj

Corrector step:

1

(16a)

Corrector step:

-~ [A+ (fI+1 -/,) -A- (//-//_;)) (16b)

The term A± is given by

2

and e is an upwind/alternating one-sided convective dif-
ference parameter whose operation differs in different flow
regions, as will be described below.

Supersonic Marching
In supersonic viscous or inviscid flow regions, the con-

vective difference parameter e in the above difference
equations is varied between zero and one in the predictor and
corrector steps to provide one-sided, alternating differences
for shock capturing. The resultant algorithm is the steady
flow equivalent of the explicit MacCormack algorithm.33 The
"e" sequence is alternated at subsequent marching steps to
yield a nonpreferential treatment of wave propagation. A
conventional supersonic decode procedure11 is used to obtain
the variables P, p, U, V, H, <£, k, and e from the conservation
arrays at the end of the predictor and corrector steps.

In a number of applications of the supersonic algorithm,
oscillatory behavior of the scalar variables (//, 0, k, and/or e)
occurred in situations where the mapped grid was significantly
skewed with respect to the streamline directions and radial
gradients of the scalar variables were large. In parabolic
problems, this unstable behavior is remedied by the use of an
upwind convective operator. To provide this remedy in a
viscous shock-capturing algorithm, the convective difference
operator for the scalar components of the F vector array can
be split into upwind and alternating one-sided difference
components as follows:

aF* a / ^ da-—=a—(pV)+pV—
Orj or] Or)

alternating upwind

(17)

(18b)

The parameter e is the standard alternating difference
parameter, whereas e* is the upwind difference parameter
defined (in both the predictor and corrector steps) by

e* = l \lVlU>alb

= 0 \iV/U<a/b

where a and b are the mapping parameters given by Eq. (11).
For the continuity and momentum equations, the standard
alternating-difference MacCormack algorithm is utilized with
no splitting. The splitting of the scalar components of the F
vector array has no effect on the shock-capturing charac-
teristics of the algorithm since the scalar variables all change
continuously across the shock waves.

It should be noted that a distinction is made between
supersonic viscous and inviscid flow regions as ascertained by
monitoring the position of the inner mixing layer profile (via
inspection of the </> species parameter array) which "floats"
across the grid points in working its way down to the jet axis.
Below the inner mixing layer boundary, the inviscid
(hyperbolic) limit of the PNS equations applies which is
achieved via setting the turbulent viscosity to zero for all grid
points in this region. While the full PNS equations could be
integrated across the entire jet, the representation of tur-
bulence properties in the inviscid core using a high Reynolds
number, two-equation turbulence model can pose numerical
problems since the parabolized turbulence equations are not
representative of the turbulence processes occurring (i.e., the
requisite terms needed to represent core turbulence, the
production of turbulence behind shocks and subsequent
dissipation, etc., are not included in the parabolized tur-
bulence model). Hence, it is most expeditious to eliminate the
solution of the turbulence model equations in nonmixing
regions rather than to solve an inappropriate system of
equations.

Subsonic Marching
In subsonic regions of the jet (Fig. 1), the equations are

rendered parabolic or partially parabolic (parabolic in the
streamwise direction, quasielliptic in the transverse direction)
using the pressure-splitting approximation popularized for
mixing problems by Patankar and Spalding.12 In this ap-
proach, the stream wise pressure gradient, dP/dX, is imposed
permitting a parabolic spatial integration of the axial
momentum equation (plus the scalar equations for H, <j>, k,
and, e/W). The transverse pressure and radial velocity
variations are obtained via the a posteriori solution of the
continuity and normal momentum equations. The ap-
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plications of this approach in the framework of the numerical
algorithm given by Eq. (16) are summarized below.

1) The pressure field at the new integration step, £ + A£, is
approximated by integration of the following relation along
each mapped grid point, rj = const,

dP W „ dP
)^~orj

(19)

where dP/dX is the imposed streamwise gradient, a the
mapping parameter, and dP/dr\ evaluated at £ in the predictor
step and £ + A£ in the corrector step.

2) A predictor/corrector "parabolic" integration of the
conservation equations is performed utilizing the upwind
form of the convective difference parameter, e, in Eqs. (16).

3) At the end of the predictor and corrector steps, a
"subsonic decode procedure" is performed which takes
cognizance of the imposed streamwise pressure gradient. With
P* designating the pressure at £ + A£ determined via Eq. (19),
the following decode relations are utilized:

U=(eu-P*)/ep

V*=ev/ep

H=eH/ep

(20a)

(20b)

(20c)

and (for a perfect gas), the density p* is evaluated from the
state equation

( y - l ) [ H - ' / 2 ( U 2 (21)

Note that the E conservation array of Eqs. (16) must be
reconstructed upon completion of both the predictor and
corrector steps since the subsonic integration procedure is not
fully conservative [i.e., p* determined from Eq. (21) is not
identical to ep/U].

4) Revised values of P*, V*, and p* are determined after
completion of the predictor/corrector parabolic sequence
above via the coupled solution of the continuity, normal
momentum, and state equations. The cross-flow integration
can be performed using the iterative, linearized procedure of
Patankar and Spalding,12 the uncoupled, iterative procedure
of Mahgoub and Bradshaw,23 or the noniterative fully
coupled method of Dash et al.25'34 For the free jet problems
described herein (i.e., moderately underexpanded jets into
still air), the pressure variations across the subsonic portion of
the jet and Mach disk mixing layers are quite small and can be
neglected. Then, a simplified cross-flow integration is per-
formed with P* held fixed at the edge value and p* and V*
determined from the linearized solution of the continuity and
state equations as described in Ref. 26.

Axial Step Size Constraints
The present subsonic/supersonic marching procedure is

fully explicit and thus the axial step size A£ is limited by well-
known hyperbolic and parabolic stability constraints. In
supersonic inviscid regions, the hyperbolic CFL constraint is
satisfied in a nonlinear fashion via locating the intersection of
the X± characteristics with the mapped coordinate lines,
i] = const, at each grid point; and, determining the minimum
intersection distance. This is achieved utilizing the relation

tano>/ — ±7 -«min
(22)

where co designates the inclination of the mapped grid lines,
r/ = const, with respect to the jet axis. In subsonic viscous

regions, the standard explicit parabolic stability constraint
listed below is applied.

(A£7)par< (23)

In viscous supersonic regions, the hyperbolic and parabolic
constraints are combined in the fashion introduced by
Cheng35 in the explicit, time-dependent solution of the N-S
equations, and proven effective in numerous hyper-
bolic/parabolic steady and nonsteady flow applications. The
combined constraint is

hyp/par "
1 1
—— + ——

(24)

Shyp

Direct Coupling of Jet and External Flow Solutions
Referring to Fig. 4, the jet and external flow solutions are

"directly coupled" at the outer edge of the jet mixing layer,
ru(x) (which corresponds to rj = 1 in the mapped domain). For
supersonic external streams, the external flow solution is
obtained by a concurrent spatial integration of the inviscid
shock-capturing equations in a second mapped domain ex-
tending from ru(x) to the fitted plume bow shock (Fig. 1).
Alternatively, a reasonable approximation of the supersonic
external flow can be obtained via the application of simple
pressure/flow deflection relations along ru(x) (see Ref. 11).

For a quiescent external stream, the pressure is stipulated to
be the ambient value along ru(x) and a nominal nonzero value
of the freestream velocity is assigned (i.e., l/100th of the jet
value). The coupling of the jet and quiescent external flow
requires matching the subsonic and supersonic solutions in the
vicinity of the jet mixing layer sonic line as schematized in
Fig. 5. The matching occurs at the grid point /* which sits
below the sonic line. If the pressure variation across the

JET MIXING LAYER
OUTER BOUNDARY

POTENTIAL — V e ( x ) / P«(x) IMPOSED
SOLVER • J FROM POTENTIAL

SOLVER

IMAX
• SOLVE "PARABOLIC"

EQUATIONS FOR
I* < I < IMAX
WITH dP/dx = dPe/dx

• GUESS PI* AT x + Ax
XJis — Vj*

•INTEGRATE COUPLED
CONTINUITY/N. M. FROM
I* TO IMAX -^'Pe.Ve

• ITERATE TILL Pe = Pe

PNS SUBSONIC
SOLUTION

PNS SUPERSONIC
SOLUTION

x x + A x
Fig. 5 Pressure-split analysis of subsonic portion of jet mixing layer.
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subsonic portion of the jet is neglected, the ambient pressure
is imposed at the /* point and the flow angle 6* at /* is
ascertained using the viscous-characteristic compatibility
relation of Eq. (13) along the \+ characteristic [Eq. (12)]
depicted in Fig. 5. The numerics involved in the predic-
tor/corrector characteristic solution are enumerated in Ref.
26. Supersonic grid points below /* are evaluated using the
supersonic variant of the matching algorithm. Subsonic grid
points above /* are evaluated with dP/dX set equal to zero in
the pressure-splitting approximation, and, the continuity
equation is solved via upward integration from the /* point
where V* is known from the characteristic solution. To ac-
count for pressure variations across the subsonic region, a
stepwise iterative procedure is performed whereby a value of
P* (at /*) is assumed, the full cross-flow integration is per-
formed yielding edge values of PE and VE, and P* is varied
until the outer boundary condition, PE=P(30, is satisfied. This
iterative sequence is summarized in Fig. 5.

The quiescent external flow solution described above
represents a first approximation of the interactive jet
flowfield and does not account for the perturbation effects of
jet entrainment on the external flow. These effects can be
accounted for by solving the potential flow about an effective
body defined by ru(x) with the transpiration boundary
condition <t>n = VE(x), where VE is the predicted entrainment
(radial) velocity along ru(x). This yields the induced pressure
variation, PE(x), and corresponding streamwise velocity
distribution, UE(x), to be imposed as outer boundary con-
ditions for a subsequent jet sweep. The entrainment-induced
external flow perturbations have a small influence on the jet
shock structure for the first several shock cells but appear to
have a noticeable effect on the pressure variations in the last
several shock cells where the pressure amplitudes are weak
(see Ref. 20).

Iterative coupling of the jet and subsonic external flow
solutions parallels the interactive procedure described above.
The jet boundary conditions, PE(x) and UE(x), along ru(x) are
determined from the potential external flow solution, and the
external flow solution is solved with a transpiration boundary
condition corresponding to the entrainment velocity, VE(x).
The jet boundary, ru(x), can be set to encompass the full
viscous/inviscid jet and remain invariant through the
jet/potential flow iterative cycles if the growth constant C in
Eq. (15) is set equal to a value of about 10 in the first jet sweep
[this yields a buffer region of several grid points between the
physical jet edge and ru(x)9 whereas a value of C~1 places the
physical and computational boundaries in close proximity].
Subsequent jet sweeps are performed with the ru(x) variation
established in the first sweep imposed. For transonic external
streams with large pressure gradients, the pressure-splitting
approximation, dP/dX=dPE/dX, may be inadequate (i.e.,
significant radial variations of the streamwise pressure
gradient can occur across the subsonic portion of the mixing
layer). A global pressure iteration, localized to the region of
large gradients, can be performed to improve the solution
following the approach of Mahgpub and Bradshaw23 in the
manner described in Ref. 25. The "direct" jet/potential flow
coupling approach described above is still under development,
and applications to jets in subsonic/transonic external
streams will be described in a future article.

(viz., outer to inner pUratios exceed 10 and can exceed 50 for
highly underexpanded exhausts). The entrainment process
displaces the outer streamlines inward at a very rapid rate for
the first few Mach disk radii producing strong interactive
effects. A simple procedure based on the "porous-sting"
approach of Dash et al.21 for the two-phase Mach disk
problem has been developed for treating this interactive
mixing process. This simplified approach utilizes a pressure-
split "sublayer approximation" to eliminate elliptic (saddle-
point) behavior in the marching process. This approach is
applicable for smaller radius disks where the extent of the
embedded subsonic zone behind the disk is small compared to
the jet width and for which the turbulent mixing process
dominates the acceleration of the inner flow to the supersonic
velocities. The results obtained are in qualitative accord with
the experimental observations of Back and Cuffel.40 The
basic features of the Mach disk methodology are summarized
below.

The disk position is located using the "sting" triple-point
criterion discussed in Ref. 11 which, for smaller radius disks,
is analogous to the earlier criterion of Bowyer et al.,41 and has
been demonstrated to properly locate small radius disk
positions in a number of earlier comparative studies. A
formal shock-fitting procedure is utilized in the calculation of
the triple-point solution.11 If the sting criterion has not been
satisfied by the time the downrunning shock reaches the jet
axis, the shock is regularly reflected. In cases where a disk is
dropped, a grid point, sitting several grid points above the
viscous sonic line (Fig. 6), serves as the matching point be-
tween the inner subsonic and outer supersonic flows. A
specified matching Mach number (typically 1.1-1.5) delineates
the grid point at which inner/outer matching is performed.
The grid points above the matching point are integrated using
the supersonic PNS algorithm, while the grid points below the
matching point are integrated using a simplified variant of the
subsonic PNS algorithm with the pressure split using a
sublayer-type approximation. The index of the matching
point changes from step to step in accordance with the
monitored spatial variation of the sonic line. When the sonic
line reaches the jet axis, the supersonic PNS algorithm is
employed throughout the Mach disk mixing region and in-
ner/outer matching is no longer required.

The following steps are entailed in the inner/outer Mach
disk matching:

1) A value of the pressue gradient, dP/dx, at the matching
point /= 7* is assumed.

2) The inner pressure field is split with the streamwise
pressure gradient term in the axial momentum equation
damped in accordance with the following heuristic sublayer

Analysis of Mach Disk Mixing Regions
While the Mach disk problem has previously been treated

from an in viscid point of view,11'36'37 it has been exhibited
both analytically3^39 and experimentally40 that turbulent
mixing processes initiated along the Mach disk slipstream
(Fig. 6) can contribute strongly to the acceleration of the
subsonic flow behind the disk to supersonic velocities.

Referring to Fig. 6, the mixing process that occurs between
the inner subsonic flow that has traversed the Mach disk and
the outer supersonic flow has strong wake-like characteristics

Fig. 6 Characteristic features of Mach disk mixing region and
subsonic/supersonic matching surface.
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approximation:

SdP\ /dP>

for M,<1

(25a)

(25b)

and the pressure, itself, given by

(i.e., the pressure is uniform across the mixing region but the
pressure gradient is variable in the transonic portion and
completely suppressed in the subsonic region).

3) The inner grid points are integrated using the subsonic
parabolic algorithm yielding the radial velocity at the match-
ing surface V* and hence the "inner" flow deflection angle
e*.

4) The "inner" value of 6* is compared with an "outer"
value determined using the downrunning viscous-
characteristic compatibility relation along the X~ charac-
teristic passing through the matching point /*. Steps 2-4 are
repeated varying the assumed pressure gradient until the inner
and outer values of 6* agree to within a prescribed tolerance.

The treatment of larger disks entails accounting for elliptic
upstream influence effects using iterative methodology in
conjunction with a downstream saddle-point type viscous
throat constraint42 analogous to the minimum area throat
constraint utilized in the Abbett inviscid Mach disk ap-
proach36 and incorporated in earlier inviscid versions of the
SCIPPY model.2'11 The streamwise iterative PNS approach
required to treat larger radius disks appears to be a
straightforward extension of the present small disk
methodology utilizing the automated iterative approach
formulated for dealing with this saddle-point-type problem in
the inviscid limit.2'11

Concluding Remarks
A new approach for analyzing interactive phenomena

occurring in supersonic jet mixing problems has been
described based on the spatial integration of the parabolized
Navier-Stokes jet mixing equations. This approach combines
shock-capturing methodology for the analysis of supersonic
viscous or inviscid regions with pressure-splitting
methodology for the analysis of subsonic viscous regions,
and, provides for the formal coupling of subsonic and
supersonic jet regions in the vicinity of viscous sonic lines
utilizing a viscous-characteristic coupling procedure. The
formation of Mach disks in the jet and the analysis of the
interactive turbulent mixing process occurring behind Mach
disks are included in the methodology developed. Jet and
Mach disk mixing processes are analyzed utilizing two-
equation turbulence models.

The PNS equations are integrated in a mapped rectangular
domain which encloses the full viscous/inviscid jet. The jet
boundary growth is controlled by a differential equation
which combines plume expansion and entrainment effects in
an additive fashion. Via this mapping, the interactive
coupling of the viscous/inviscid jet and external flow
solutions is performed utilizing a direct-coupling technique
along the outer jet boundary. For supersonic external flows,
the PNS jet and external flow solutions can be solved con-
currently. For subsonic external flows, the coupling is in-
teractive: the jet solution is solved with the pressure and axial
velocity variation imposed along the matching surface and
yields the entrainment (radial) velocity variation; the external
potential flow solution is solved over the matching surface

with a transpiration boundary condition corresponding to the
jet entrainment velocity.

In Part II of this paper,43 applications of this approach to a
number of jet mixing problems are presented exhibiting some
of the fundamental interactive phenomena occurring in
supersonic mixing problems, and, the ability of the
methodology developed to analyze them. This approach is
presently operational for jets exhausting into supersonic or
quiescent external streams. The iterative coupling of this PNS
jet solution with a potential external flow solution, required
to analyze jets exhausting into subsonic/transonic external
streams is now in progress and will be described in a future
publication. A noniterative subsonic cross-flow integration
procedure developed for curved wall jet applications25'34 will
be utilized in performing this coupling to account for pressure
variations across the subsonic portion of the jet mixing layer.

A computer code, SCIPVIS,19 has been developed which
employs this methodology to predict the multiple-cell,
decaying shock structure in axisymmetric jets for applications
to shock-noise predictions.20 A detailed assessment of this
code utilizing the experimental data of Seiner and Norum9 is
given in Ref. 20 which highlights the sensitivity of the jet
pressure field to the turbulence modeling representations
employed.19 Progress toward incorporating this PNS
methodology into the JANNAF Standard Plume Flowfield
Model for the analysis of chemically reacting, two-phase
rocket exhaust plumes is discussed in Ref. 22. A three-
dimensional version of the SCIPVIS code recently has been
made operational for the analysis of imperfectly expanded
jets issuing from rectangular nozzles which will be discussed
in a forthcoming publication.44
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